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1. (20 points.) The Pauli matrix

σy =

(

0 −i

i 0

)

. (1)

is written in the eigenbasis of

σz =

(

1 0
0 −1

)

. (2)

Write σy in the eigenbasis of

σx =

(

0 1
1 0

)

. (3)

Note that this representation has the arbitraryness of the choice of phase in the eigenvec-
tors.

2. (20 points.) In the eigenbasis,

|σ′

y = +〉 = eiα1

√
2

(

i

−1

)

and |σ′

y = −〉 = eiα2

√
2

(

i

1

)

, (4)

of

σy =

(

0 −i

i 0

)

, (5)

where we included the arbitrariness in the phases as α1 and α2, the Pauli matrices are

σ̄x =

(

0 −ie−i(α1−α2)

iei(α1−α2) 0

)

, (6a)

σ̄y =

(

1 0
0 −1

)

, (6b)

σ̄z =

(

0 e−i(α1−α2)

ei(α1−α2) 0

)

. (6c)

Thus, these representations of Pauli matrices depend on the arbitrary choice of phases.
(No need to derive the above here.) Do we loose the ability to predict the outcome of an
experiment due to this arbitrariness? Verify that

σ̄xσ̄y = iσ̄z , (7a)

σ̄yσ̄z = iσ̄x, (7b)

σ̄zσ̄x = iσ̄y. (7c)
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Thus, the algebra of the Pauli matrices is independent of the arbitrariness in the phases.
This will ensure that no measurable quantity depends on the choice of phases.

3. (20 points.) Consider an operator U that is defined using the following operations,

U |a1〉 = |a2〉, (8a)

U |a2〉 = |a3〉, (8b)

U |a3〉 = |a1〉. (8c)

Find the eigenvalues of the operator U .

4. (20 points.) Using the commutation relations involving the position vector r, the linear
momentum vector p, and the orbital angular momentum vector L = r× p, show that

1

ih̄

(

p× L + L× p
)

= ap, (9)

where a is a number. Report the numerical value for a.
Caution: Using index notation might be less error prone here.
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